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a b s t r a c t
Ultrafast spectroscopy studies of the electronic properties of surfaces and nanostructures have greatly advanced our knowledge
of nonequilibrium electron dynamics in the systems with reduced
dimensionality. Underlying to the understanding of ultrafast phenomena on surfaces of solids is the problem of hot electron (hole)
dynamics and decoherence in unoccupied (occupied) bands. The
need for deeper insight into these phenomena has revived the
interest in many-body interactions of quasiparticles with the
dynamical degrees of freedom which constitute bosonic heatbath
of the system. Simple descriptions of these processes in terms of
quasiparticle propagators are hindered by the failure of traditional
approximations to reproduce equally reliably the quasiparticle
spectral properties in the entire range from the excitation threshold to higher multiexcitation energies. To remedy this situation
and enable the description of quasiparticle dynamics throughout
the pertinent bands we develop a uniﬁed approach for construction of propagators in the time-domain which is based on the mapping of standard quasiparticle spectral representation to the
cumulant form. We combine the features of low order cumulant
expansion, which accurately describes multiple excitation processes in the preasymptotic regime, with cumulant mapping of
perturbation theory results from the band bottom to account for
the asymptotic quasiparticle decay. Thereby we obtain a complete
representation of the various temporal stages of propagation of
band electrons (or holes) coupled to the system heatbath. The
described procedure is illustrated with examples of nonadiabatic
quasiparticle dynamics in benchmark systems of increasing complexity. The sequence is concluded with the analysis of amplitude
and phase transients and decoherence phenomena leading to
deviations from Markovian dynamics of quasiparticles in the
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paradigmatic quasi-two dimensional image potential bands on Cu
(1 1 1) surface. Lastly, we outline the spectroscopic investigations
of surfaces in which manifestations of these effects should be
recognized in the interpretations of measurements.
Ó 2012 Elsevier Ltd. All rights reserved.
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1. Introduction
1.1. Rationale for time-domain approach to quasiparticle dynamics at surfaces
Spectroscopic studies of bulk and surface electronic structure of solids provide valuable information on the properties of electronic states generated by the interactions of electrons with atomic
structure and intrinsic degrees of freedom of the probed system. For complex and large systems the
deconvolutions of one-electron features from the measured spectra are difﬁcult, particularly in the
experiments involving strongly excited intermediate and ﬁnal states accommodating hot quasiparticles (electrons and holes). In this case it is usually more convenient and insightful to resort to time
domain descriptions of experimental results [1]. The situation becomes additionally complicated in
time-resolved measurements using ultrafast probes which per se introduce speciﬁc features into the
already complex temporal evolution of excited quasiparticles and the system as a whole. Understanding of these processes requires good modelling of nonstationary quasiparticle dynamics within the
many-body framework because nonadiabatic phenomena can strongly inﬂuence the results of
ultrafast measurements.
Effects associated with nonadiabatic quasiparticle dynamics are expected to manifest themselves
most clearly in combined state- and time-resolved measurements. At present the prime experimental
tools for providing new insights into dynamical processes at surfaces are ultrafast pump–probe spectroscopies with high temporal resolution [2]. In this context the two-photon photoemission
[3–6] (2PPE) and multi-photon photoemission [7,8] (MPPE) spectroscopy utilizing ultrashort excitation pulses enable tracing the evolution of hot quasiparticles from their preparation in the primary
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excited state, over the period of early transients and steady state decay to the asymptotic regime of
quasiparticle collapse or thermalization. The present work is devoted to the development of a uniﬁed
quantum–mechanical model for time-domain description of these phenomena and their manifestations in the quasiparticle propagators and correlation functions directly related to physical observables that are accessible in linear and nonlinear spectroscopies of atoms, solids and molecular
aggregates [1,4–6,9–16]. Using the present approach we are able to generalize and complement the
earlier treatments of ultrafast quasiparticle dynamics in surface bands [17–21] by extending them
over the entire intervals of observation currently attainable in time-resolved experiments.
1.2. Quasiparticles in interaction with the heatbath
Primary excitation processes in pump–probe photoemission spectroscopy of surfaces are the pump
induced electronic transitions from occupied states to unoccupied surface localized states or bands lying between the vacuum level EV and the Fermi energy EF of the system. In 2PPE and MPPE the characteristics of these intermediate states are explored by the probe pulse which lifts the excited
electrons to ﬁnal outgoing states in which they are detected. Propagation of hot electrons (holes) created in empty (occupied) states at surfaces is subject to the interactions with excitations of the system
heatbath. This affects the dynamics of quasiparticles in the intermediate states and thereby also the
characteristics of the ﬁnal photoelectron signal. For moderate and strong coupling strength such interactions may add complex features to the photoemitted electron spectra and their interpretation requires good modelling of the underlying intermediate state quasiparticle dynamics. On the general
level the problem has a long history [22] which can be optimally exploited. For decades one of the central issues in many-body theory has been a realistic description of multiple excitation processes arising from quasiparticle coupling to dynamical degrees of freedom of the environment. A simple
paradigmatic but highly relevant theoretical description of these phenomena is provided by a model
of single particle in interaction with bosonic excitations constituting the heatbath. These may represent a variety of vibrational, charge or spin density and other bosonized excitations in the system, and
hence a large class of dynamical processes encountered in the studies of condensed matter systems
can be mapped onto this model [22–24].
Despite the seeming simplicity of the particle–boson model, its application to the studies of
dynamics of quasiparticles in strong interaction with the heatbath excitations poses considerable difﬁculties. The major one arises in the calculations of propagators and their spectral properties used for
description of quasiparticle dynamics in highly excited intermediate states. The calculations based on
standard perturbative schemes prove inadequate if restricted to the weak excitation limit and mainly
intractable beyond it. In particular, applications of the various forms of popular GW-approximation
[25–29] (GWA) to calculations of the effects of particle–boson interactions on the quasiparticle spectra
produce only the singly excited satellite structure above the quasielastic peak. Moreover, GWA fails to
predict the correct energy and weight of the inelastic component of the spectrum [28–31] in comparison with the results of alternative approaches [30–40] or exactly solvable models [22,41–45]. Analogous trends have been observed in the applications of GWA to other many-body problems [46].
Several nonperturbative approaches to calculating the spectra of particles coupled to boson ﬁelds have
been developed following the analogies with exact solutions of simple models [22,41–43]. In the focus
of these approaches was a correct description of the satellite spectral structures arising from multiple
boson excitations but less attention has been paid to the descriptions of nonadiabatic processes leading to quasiparticle decoherence and decay throughout the entire propagation interval. However, recent temporally resolved optical experiments have demonstrated some hitherto undetected peculiar
features of particle dynamics in quantum systems [47,48] which call for careful examination of the
decoherence phenomena.
To establish the required uniﬁed description of hot electron and hole dynamics in the systems of
reduced dimensionality we start in Section 2 from a general particle–boson model and use it for
the deﬁnition of cumulant representation of quasiparticle propagators in the real time domain. In Section 3 we construct and discuss the solutions of the model which satisfy the temporal boundary conditions of ultrafast experiments. We illustrate on a series of examples the various manifestations of
nonadiabatic quasiparticle dynamics and transient phenomena that may be triggered by ultrafast per-
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turbations. In Section 4 we elaborate the applications of this approach to electron or hole propagation
in quasi-two dimensional (Q2D) surface bands and illustrate the salient characteristics of obtained
solutions in the case of paradigmatic image potential bands on Cu (1 1 1) surface. In Section 5 we discuss the non-Markovian features of quasiparticle decoherence and decay predicted by the developed
model and outline experimental conditions and regimes in which their effect on the measured spectra
may be expected and detected.
2. Representation of single particle propagator in exponential form
Interpretation of the ﬁnal measured signal of 2PPE and MPPE requires the knowledge of both the
adiabatic and nonadiabatic aspects of hot quasiparticle dynamics in the initial (hole) and the intermediate states (electron) of the excitation pathways. This information can be retrieved from the quasiparticle propagators. In the following we shall restrict our considerations to modelling of hot electron
dynamics in empty bands characteristic of the intermediate states in 2PPE and MPPE, as well as the
ﬁnal states in inverse photoemission from solids. The description of hole dynamics in occupied bands,
which is needed equally in the descriptions of MPPE, 2PPE [15,49] and one-photon photoemission
spectra from solids [9–13], can then be obtained by time reversal.
The dynamics of an electron excited (promoted) into an empty band is in the absence of interactions leading to incoherent processes described by the effective one-particle (superscript p)
Hamiltonian:

Hp0 ¼

X

k cyk ck :

ð1Þ

k

Here the quantum number k is short for the particle (quasi) momentum and band index, k is the energy dispersion within the band, and cyk and ck denote the electron creation and annihilation operators
in the state |ki, respectively. The unperturbed band bottom is identiﬁed with the minimum value(s) of
k. The one particle eigenstates |ki of Hp0 constitute a convenient basis set for the description of the
effects of various perturbations on the quasiparticle motion within the band. The interaction of the
excited electron with the dynamical degrees of freedom of the heatbath is modelled by a coupling
to bosonic excitations. The Hamiltonian of unperturbed bosons (superscript b) is given by

Hb0 ¼

X

xq ayq aq ;

ð2Þ

q

where aq and ayq denote the annihilation and creation operators, respectively, for boson excitations
characterized by the (quasi) momentum q and energy xq. A typical example of interactions of particles with a heatbath is rendered by the linear coupling to vibrational or bosonized electronic degrees
of freedom in the solid which was shown to play the dominant role in the energy and momentum exchange between the two subsystems [50]. In this archetype case the interaction takes the form

V¼

X



V qk0 ;k cyk0 ck aq þ ayq :

ð3Þ

k0 ;k;q

In the present single-particle problem the interaction V is nonvanishing only after the particle introduction into the band.
Prior to electron injection into the empty band the system is in its ground state |0i which is an
eigenstate of H0 ¼ Hp0 þ Hb0 with the energy E0 and all the band and boson states empty. After the electron promotion into an eigenstate jki ¼ cyk j0i of H0 its dynamics is governed by the full Hamiltonian

H ¼ Hp0 þ Hb0 þ V ¼ H0 þ V:

ð4Þ

The evolution of the initial electron state |ki is most conveniently studied by exploring the properties
of retarded k-diagonal quasiparticle propagator [51]

 
 
Gk ðtÞ ¼ ihðtÞh0jck ðtÞcyk ð0Þj0i ¼ ihðtÞeiE0 t 0ck eiHt cyk 0 ¼ ihðtÞeik t hkjU I ðtÞjki
¼ G0k ðtÞeCðk;tÞ :

ð5Þ
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Here t is the propagation time subsequent to quasiparticle creation in the initial band state |ki,
H|0i = H0|0i = E0|0i, UI(t) is the evolution operator in the interaction picture, and G0k ðtÞ ¼ ihðtÞeik t
denotes the unperturbed single particle propagator where h(t) is the Heaviside step function. The
cumulant function

Cðk; tÞ ¼

1
X
C n ðk; tÞ

ð6Þ

n¼2

sometimes also called the lineshape generator, appears as a sum of all cumulants [52] generated by
the interaction V in the basis of eigenstates of H0. For the interaction (3) the ﬁrst nonvanishing cumulant is quadratic in V qk0 ;k .
Cumulant representation of the single particle propagator (5) is exact [52] but the calculations of
higher order terms Cn in (6) for n > 4 usually pose unsurmountable difﬁculties [17,37,43,53–55]. However, since the cumulant series (6) is an expansion in the strengths of irreducible phase space correlations between subsequent scattering events [52] (i.e. not only in the powers of the coupling
constant), the convergence of the series is very fast provided such correlations are weak. This proves
to be the case in cascade processes of successive one-boson emissions and absorptions. In these situations only the lowest order cumulants are relevant and a very small error is incurred by terminating
the series already after the ﬁrst nonvanishing term C2 or the lowest two terms C2 + C4 [17].
The advantage of representing the quasiparticle propagator in the form given by the last line of
expression (5) is usually illustrated in the extremely simple but physically relevant limit of the particle
band reduced to a single orbital state in interaction with the ﬁeld of nondispersive bosons. In this case
the problem is exactly soluble by the second order cumulant C2(t) and the resulting quasiparticle spectrum appears as an inﬁnite series of equally separated delta-function peaks weighted by the Poisson
distribution [22,41] (cf. Section 3.2 below). Another related and exactly soluble problem is the socalled forced oscillator model (FOM) in which the action of the quasiparticle on displacements of
the boson ﬁeld is represented by a classical time-dependent perturbation [56,57]. Here it is important
to reiterate that in both examples the exact solution is provided by C2(t) which does not contain correlations between successive multiexcitation processes. In the treatment of more complicated models
describing interactions of band electrons with optical phonons and with bosonized charge density
ﬂuctuations in solids explicit expressions for the second and fourth order cumulants were derived
in Refs. [54,17], respectively. These works demonstrated that for realistic coupling strengths the major
contribution to cumulant series comes from the second order term. This property of lowest order
cumulants was exploited to study non-Markovian quasiparticle propagation in surface bands from
the early ballistic, over the subsequent transient, to the intermediate stage of exponential decay of
electronic states [18,19]. However, the complete description that would include also the long-time
asymptotic quasiparticle decay [58] leading to a collapse of the propagator amplitude and phase
[15,20,21] remains inaccessible to the lowest order cumulant approach. The following discussion is
focused on overcoming this deﬁciency in applications of the otherwise computationally very convenient and powerful cumulant method.
Quite generally, the retarded single particle propagator Gk(t) can be expressed in the spectral representation [59]

Gk ðtÞ ¼ ihðtÞ

Z

1

0

N ðk; x0 Þeix t dx0 :

ð7Þ

1

The quasiparticle spectrum N ðk; x0 Þ is a fundamental quantity that determines the quasiparticle
propagator and its basic properties follow directly from the initial deﬁnition of Gk(t). One way to
establish the relation between cumulant and standard spectral representation of the propagator (7)
P
is to expand exp½ n C n ðk; tÞ in the power series and equate the obtained terms with the terms of
the corresponding self-energy expansion of (7) that are of the same order in the interaction V
[22,37,55]. However, this approach encounters several difﬁculties. The ﬁrst is awkward form of the
higher order terms which inevitably leads to computational problems. Second, handling the terms
of such series may be problematic in the cases of decay processes for which RC n ðtÞ / Cn t or
RC n ðtÞ / bn ln t whose divergences at long times must be carefully dealt with. Hence, in the follow-
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ing we adopt a different approach. In analogy with the results of exactly solvable models [41,45] and
second order cumulant expansion [17,19,43] we deﬁne the q-representability of the cumulant sum (6)
in the form

Cðk; tÞ ¼ 

Z

1

qðk; xÞ

1  ixt  eixt

x2

1

dx

ð8Þ

which is a Taylor expandable function around t = 0. The yet unknown cumulant spectrum

qðk; xÞ ¼

1
X

ql ðk; xÞ

ð9Þ

l¼2

stands for a sum of the interaction-induced cumulant spectral components in powers of the interaction V. For translationally invariant systems the form of the leading term q2(k, x) that yields C2(k, t) is
known from the earlier studies [17,43] and reads:

q2 ðk; xÞ ¼

2
X q

V k;kq  dðx  kq  xq þ k Þ:

ð10Þ

q

C(k, t) satisﬁes the unitarity and boundary conditions arising from the properties of the evolution
operator generated by V. Hence

C  ðk; tÞ ¼ Cðk; tÞ;

ð11Þ

Cðk; t ¼ 0Þ ¼ 0;
_
Cðk;
t ¼ 0Þ ¼ 0;

ð12Þ
ð13Þ

where dot denotes the time derivative. Expressions (12) and (13) reﬂect conservations of the normalization and the centre of gravity of the spectrum of Gk(t), respectively. Following the conventional
nomenclature of the relaxation processes we may write

Cðk; tÞ ¼ C pol ðk; tÞ þ C sat ðk; tÞ

ð14Þ

with

 Z
C ðk; tÞ ¼ i 

1

pol

1

where



qðk; xÞ
dx t ¼ iv k t;
x

ð15Þ

vk is the polarization induced energy shift, and
C sat ðk; tÞ ¼ 

Z

1

qðk; xÞ

1

1  eixt

x2

dx

ð16Þ

is the satellite generator.
Taking the second time derivative of (8) we ﬁnd

€ tÞ ¼ 
Cðk;

Z

1

qðk; xÞeixt dx

ð17Þ

1

and by Fourier inversion

1
qðk; xÞ ¼ 
2p

Z

1

€ tÞeixt dt:
Cðk;

ð18Þ

1

Hence, the cumulant spectrum q(k, x) which carries information on the dynamics of coupled particleﬁeld excitations in the interacting system described by the Hamiltonian (4) can be determined once
the functional form of C(k, t) in (5) is known. The reverse also holds true because expressions (8)
and (18) are invertible (see Appendix A) and the exponential representation of the single particle
propagator (5) is exact.
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3. Reconstruction of cumulant representation from quasiparticle spectrum
3.1. Relation between the cumulant and standard spectral representations
Finding the form of C(k, t), or alternatively of q(k, x), is equivalent to solution of the many-body
problem posed by the full Hamiltonian H. Therefore, apart from few exactly soluble models referred
to above and explicitly illustrated below, approximate schemes for calculation of C(k, t) or q(k, x)
should be employed to determine Gk(t). To establish the relation between the spectrum of the standard representation (7), as obtained e.g. from the Dyson equation for the propagator, and the excitation spectrum q(k, x) of cumulant representation (8) we proceed as follows. We equate the last line of
expression (5) with (7) which yields for t P 0

Cðk; tÞ ¼ ln

Z

1

0

N ðk; x0 Þeiðx k Þt dx0 :

ð19Þ

1

Deﬁning the dynamical spectral moments

lm ðk; tÞ ¼

Z

1

0

m

ðx0 Þm N ðk; x0 Þeix t dx0 ¼ i

1

@m
l ðk; tÞ
@t m 0

ð20Þ

and taking the time derivatives of (19) and manipulating with the resulting expressions we ﬁnd:

€ tÞ ¼
Cðk;





l2 ðk; tÞ l1 ðk; tÞ 2
:

l0 ðk; tÞ l0 ðk; tÞ

ð21Þ

Hence, the knowledge of dynamical moments (20) of the quasiparticle spectrum N ðk; x0 Þ enables the
€
calculation of Cðk;
tÞ and thereby of the cumulant spectrum q(k, x) given by expression (18). The quotients in (21) should be treated with care because the real and imaginary parts of l0(k, t) may have
common zeros in the case of total or complete collapse of the quasiparticle wavefunction for long
times (cf. Eq. (35) and Fig. 10 below). Note also that the passage or mapping N ðk; x0 Þ ! qðk; xÞ via
Eqs. (21) and (18) allows to trace the development and representation of strong ﬁnal state effects
in C(k, t) like the formation of bound states below the continuum [23,60], whereas it is not evident
how this may be accomplished in reverse by starting from low order cumulant expansion [17].
The short time limit of (21) gives the square of inverse Zeno time sZ or Zeno convexity [61] which
characterizes initial ballistic propagation of a quasiparticle upon its injection into the band [15,20,21],
viz. the behaviour

Cðk; t ! 0Þ ¼ 

1 t2
þ Oðt 3 Þ;
2 s2Z

ð22Þ

R1
where s2
Z ¼ 1 qðk; xÞdx. This limit signiﬁes that the early quasiparticle motion is not constrained
to the energy shell because sZ depends only on the global properties of the band through its moments,
but not on the initial state energy (cf. Ref. [70] and Section II of Ref. [20]). The energy conserving processes are established after the ballistic motion and early transients have died out and the steady state
scattering regime reached [19]. Eventually, this intermediate steady state is succeeded by the quasiparticle collapse and transition into the asymptotic regime [58]. We shall demonstrate that the present approach enables the treatment of all such elementary stages of nonadiabatic quasiparticle
dynamics and related spectral properties on an equivalent footing.
3.2. Derivations of cumulant representations for exactly solvable quasiparticle spectra
Major implications of expressions (8)–(22) can be best illustrated on some historically most
exploited examples of solutions for the spectrum of a quasiparticle coupled to bosons. Here we consider several characteristic cases relevant to our further discussions of the general properties of quasiparticle propagators in the time domain.
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3.2.1. Independent boson model spectrum
The ﬁrst example is independent boson (IB) model [22,41,62] describing a single level of energy 0
coupled through the interaction strength (vx0)1/2 to a boson ﬁeld of excitation energy x0. Hence

Hp0 ¼ 0 cy c;

ð23Þ

Hb0

ð24Þ

y

¼ x0 a a;

V ¼ ðv x0 Þ

1=2 y

c cða þ ay Þ:

i0 t

Then, G0 ðtÞ ¼ ie
[22]
IB

N ð x0 Þ ¼ e

xv

0

ð25Þ

and the exact IB model spectrum is obtained in the form of Poisson distribution
1
X
ð v = x0 Þ l
l¼0

l!

dðx0  0 þ v  lx0 Þ:

ð26Þ

Using Eqs. (19)–(21) we ﬁnd

lIB0 ðtÞ ¼ ei0 t exp½ðv =x0 Þð1  ix0 t  eix0 t Þ;
qIB ðxÞ ¼ v x0 dðx  x0 Þ:

ð27Þ
ð28Þ

R

Here v ¼ dxqðxÞ=x > 0 has the meaning of the quasiparticle energy relaxation shift. The prefactor
IB
ev =x0 which weights the elastic (l = 0) and satellite lines (l P 1) of N ðx0 Þ has the appearance of the
Debye–Waller factor (DWF).
3.2.2. Restricted Tamm–Dancoff spectrum
The IB model from Subsection 3.2.1 can be also solved approximately in the Tamm–Dancoff
approximation (TDA). This amounts to calculating the quasiparticle propagator using the Dyson
expansion in terms of the self-energy calculated to lowest (linear) order in v. This restricts the number
of excited bosons in the intermediate quasiparticle states to zero or one. The result is a two-pole
spectrum

N

TDA

ðx0 Þ ¼ Z 1 dðx  1 Þ þ Z 2 dðx  2 Þ

ð29Þ

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20
x0
with the renormalized quasiparticle peak
energies given
by 1;2 ¼ 0 þ 2 
þ v x0 . The 0-inde4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
p
pendent peak intensities Z 1;2 ¼ 12 ð1  x0 =ðx0 þ 4v Þ satisfy the unitarity condition Z1 + Z2 = 1, and
Z1 is the analogue of the exact DWF. From this we obtain:
i0 t
lTDA
ðZ 1 exp ½ið1  0 Þt  þ Z 2 exp ½ið2  0 Þt Þ;
0 ðtÞ ¼ e

ð30Þ

and the TDA cumulant spectrum is given by the inﬁnite series

Cn
1.0

0.5

4

2

2

4

6

8

10

n

0.5
Fig. 1. Values of the coefﬁcients C TDA
of the Tamm–Dancoff cumulant spectrum (31) for the IB model parameters 0 = 1, v = 1/2
n
and x0 = 3/2. Note that C TDA
¼ 0 for n 6 0. The value of C IB
n
n¼1 of the generic IB cumulant spectrum (28) is indicated by lower small
dot at n = 1, whereas all other C IB
¼
0.
n–1
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qTDA ðxÞ ¼

1
X

C TDA
n dðx  nX0 Þ
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ð31Þ

n¼1

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
with the period X0 ¼ ð2  1 Þ ¼ x0 1 þ 4v =x0 . The coefﬁcients C TDA
are obtainable in analytical
n
albeit complicated form involving combinations of hypergeometric functions. The variation of C TDA
n
with n for a particular choice of IB model parameters is shown in Fig. 1. In contrast, the series for exact
qIB(x) with the period x0 contains only one term C IBn¼1 ¼ v x0 > 0 [cf. Eq. (28)].
There are several important implications of the TDA solution (29)–(31) of the exactly soluble IB
model of Subsection 3.2.1. The TDA generates a downward (red) polarization shift of the threshold
spectral level at x = 1, in accord with the properties of IB-spectrum (26). However, it generates an
upward (blue) relaxation shift of the satellite at x = 2 which is in contradiction with the exact red
shift v of all the levels in the IB model (26). This is a consequence of restricting the excitation dynamics
to a single boson propagation in the intermediate states which must compensate for the excitation energy and spectral weight of higher order excitations excluded from the TDA description of system
dynamics. In turn, this results in the cumulant spectrum (31) in the form of an inﬁnite series with
alternating sign of the constituting terms, in contrast to the strictly positive expression (28) obtained
from the exact solution for the IB model spectrum. Since the GW approximation is equivalent to
Tamm–Dancoff approximation for the retarded screened Coulomb interaction, it may be inferred that
the spectral satellite structure calculated within the GWA approach may exhibit similar deﬁciencies as
found in the present simple example. This was clearly corroborated in Ref. [30] which illustrates that
hot electron dynamics may not be adequately described within the GWA.
3.2.3. Infra-red power law spectrum
The third example is the threshold or infra-red (IR) power law spectrum [53] typical of the
interactions of localized particles with bosons exhibiting linear density of excitations for x ? 0.
The appropriate expression for the spectrum exhibiting IR power law behaviour is [62]

eðx 0 þv Þ=D hðx0  0 þ v Þ
0

IR

0

N ðx Þ ¼

Db CðbÞðx0  0 þ v Þ1b

;

ð32Þ

where b > 0, v > 0, D = v/b and C(b) are the critical IR exponent, energy relaxation shift, excitation
IR
energy bandwidth, and the Gamma function, respectively. Here the DWF is zero and hence N ðx0 Þ
comprises the inelastic wing only. Using (19)–(21) we ﬁnd

lIR0 ðtÞ ¼ eið0 v Þt ð1 þ iDtÞb ;
qIR ðxÞ ¼ bxex=D hðxÞ:

ð33Þ
ð34Þ

Note that in the IB and IR models there exists a well deﬁned red-shifted spectral threshold (band bottom) at x0 = 0  v. The same applies to convolutions of the IB and IR spectra. Also, in contrast to the
TDA cumulant spectrum (31) both q(x) given by (28) and (34), as well as their convolution, are real
positive functions.
3.2.4. General form of the cumulant representation
Information on the electron evolution subsequent to injection into an empty band is contained in
two complementary quantities, the quasiparticle survival probability

Lðk; tÞ ¼ jGk ðtÞj2 ¼ jl0 ðk; tÞj2

ð35Þ

and the quasiparticle phase

uðk; tÞ ¼ I lnðiGk ðtÞÞ ¼ 0k t þ duðk; tÞ ¼ 0k t  ICðk; tÞ:

ð36Þ

In this notation the derivative @duðk; tÞ=@t ¼ d0k ðtÞ describes the relaxation of quasiparticle energy in
the course of time.
To extract relevant information on the quasiparticle evolution using deﬁnitions (35) and (36) we
ﬁrst observe that in the paradigmatic examples of Subsections 3.2.1, 3.2.2 and 3.2.3 the simple analytical invertibility N ðx0 Þ $ qðxÞ is facilitated by the simple functional forms of q(x) for which
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q(x 6 0) = 0. In such cases the survival probability (35) describes initial ballistic propagation
Lðk; tÞ  expðt 2 =s2Z Þ arising from (22), which then goes over either into unattenuated oscillatory
behaviour (IB and TDA model) or a power law decay (IR model), but the respective forms of q(x)
do not give rise to an exponential quasiparticle decay L(k, t) / exp (2Ckt) during any interval of propagation. In order that such a decay governed by the on-the-energy-shell transition rate Ck takes place
in the preasymptotic region it is necessary that q(k, x = 0±) > 0. In that case

Cðk; t  sZ Þ ’ wk  iv k t  Ck t þ f ðk; tÞ;

ð37Þ

where wk is a complex constant yielding the Debye–Waller exponent for the quasielastic (QE) quasiparticle line in the spectrum

wk ¼

Z

1

1

@ qðk; xÞ dx
;
x
@x

ð38Þ

the next pure imaginary term on the RHS of (37) comprises the real energy shift vk deﬁned in (15), and

Ck ’ pqðk; 0Þ

ð39Þ

yields the inverse lifetime s1
k ¼ ð2Ck Þ of the quasiparticle initial state |ki. The remaining function
f(k, t) may comprise the terms exhibiting logarithmic, inverse power and oscillatory temporal behaviour, the latter arising from the prominent maxima in q(k, x). Each of the terms in (37) is characterized by its own onset time and hence the treatment of all quasiparticle evolution stages and ensuing
spectral properties requires a careful assessment of the mapping qðk; xÞ ! N ðk; x0 Þ and vice versa.
3.3. Representation of distinct stages of quasiparticle evolution in multiexcitation processes
The quasiparticle spectrum N ðk; x0 Þ and the cumulant excitation spectrum q(k, x) contain equivalent information on the quasiparticle dynamics and decoherence. However, from the practical point
of view the two complementary representations of the propagator, viz. expressions (5) and (7), do not
prove equally convenient in extracting speciﬁc aspects of excitation dynamics in distinct energy or
temporal intervals even in the case of the same system. Thus, as has already been pointed out above,
the calculations of N ðk; x0 Þ for the coupled particle–boson system the standard approximate approaches based on perturbative and equations of motion methods may give unsatisfactory results
as regards the multiple excitation structure in the spectral region above the quasielastic peak. By contrast, second order cumulant expansion provides a reliable description of the dynamics of a particle
coupled to bosons in the preasymptotic evolution intervals [19,54], and reduces to exact solutions
in the limit of inﬁnitely narrow bands [41,45,62] [cf. Eqs. (26) and (32)], and in the opposite limit
of inﬁnitely wide bands with linear dispersion of quasiparticle energy [22]. The reliable coverage of
these two extreme energy intervals implies reliable description of multiexcitation and elementary decay processes that determine the early and intermediate quasiparticle evolution intervals. However,
the regime of asymptotic or long time quasiparticle evolution characterized by the wavefunction collapse and subsequent nonexponential decay [58] may not be easily retrieved from the representation
(5), again except for very few cases of exactly solvable models. Derivation of the asymptotic quasiparticle evolution that depends on the spectral characteristics near the band bottom may favour calculations of the propagator directly from expression (7) provided the spectral shape in that region can be
sufﬁciently accurately assessed either by perturbative or nonperturbative methods.
Combining and extending the results of Sections 2 and 3.1 we can propose a procedure for
construction of the propagators describing quasiparticle dynamics in the band that encompasses all
distinct temporal stages of quasiparticle evolution. To this end we exploit in the ﬁrst step the advantages of cumulant approach and calculate exp[C(k, t)] using low order cumulant expansion in powers
of the interaction V. As illustrated in several works [17,19,26,37,54], for the majority of physical
systems of interest this amounts to representing (8) by the second order cumulant C2(k, t) calculated
from q2(k, x) that is quadratic in V. The thus obtained propagators G(k, t) combine the effects of initial
ballistic propagation, multiple excitation of the heatbath and concomitant preasymptotic exponential
decay of the quasiparticle initial state that is governed by the Fermi golden rule (FGR) lifetime
1/2pq2(k, 0). This procedure yields the quasiparticle spectra N ðk; x0 Þ with correct positions, weights

Author's personal copy
B. Gumhalter / Progress in Surface Science 87 (2012) 163–188

173

and lineshapes of the quasielastic (QE) peak and satellite structure [22], but misses out the proper
description of spectral features near the band bottom which controls the asymptotic quasiparticle
decay [58]. Instead, due to the absence of phase space correlations in second order cumulant approximation, it introduces a spectral tail [63] that smoothly extends across the lower band edge ﬁxed by
the absolute minimum of the renormalized energy dispersion curve

~k ¼ k þ v k :

ð40Þ

The unphysical spectral tail below the band bottom of (40) should be removed by introducing some
suitable and physically motivated cutoff below the QE peak [64] (we assume that the latter does
not coincide with the band bottom). In the next step we add to the thus truncated cumulant spectrum
the band bottom component of the spectrum N ðk; x0 Þ calculated perturbatively and cut off at the
same energy below the QE peak. The reliability of this procedure depends on the accuracy of description of the spectral shape near the band bottom by perturbation theory. By contrast, the tail in the
ultraviolet region is physical and not critical from the convergence point of view because the high
energy component of cumulant-derived spectrum usually exhibits strong attenuation and ﬁnite moments of the satellite structure [65].
Outside the limits of very narrow or wide quasiparticle bands a convenient procedure to obtain the
desired band bottom correction with required accuracy is the use of simple or generalized GWA [25–
27,44]. This approximation tends to yield the correct energy shift and spectral intensity at the threshold, like the simple TDA discussed in Section 3.2.2. The thus reconstructed threshold behaviour in
combination with the poles of the spectrum gives rise to quasiparticle collapse and nonexponential
asymptotic decay [58]. Since the cumulant representation of the propagator (5) using (8) predicts a
universal form for the threshold and satellite shifts (15) in the spectrum of a |ki-state the choice of
speciﬁc GWA should optimally reﬂect this feature. We write the GWA quasiparticle spectrum consistent with this requirement in the form

N

GWA

ðk; x0 Þ ¼

C2 ðk; x0 Þ=p
;
ðx0  k  K2 ðk; x0 ÞÞ2 þ C2 ðk; x0 Þ2

ð41Þ

where R2(k, x0 ) = K2(k, x0 )  iC2(k, x0 ) is the quasiparticle self-energy with the real and imaginary
parts quadratic in the interaction V. Here we are interested in the application of (41) to description
of the quasiparticle spectrum near the excitation threshold (small x near the band bottom) which
reproduces the long time behaviour of (5). In this limit the relevant quasiparticle energies have been
relaxed (renormalized) by polarization of the boson ﬁeld to the form (40). In accord with the applicability of the second order cumulant expansion we shall furthermore assume a weak variation of
expression (15) with k in the region of interest, i.e. vk ’ vkq and hence ~
kq  ~k ’ kq  k . Then,
in analogy with the core level problem of Ref. [44] in which these relations are exactly fulﬁlled, as well
as with Hedin’s Ansatz for GW self-energy [26], we write
0

R2 ðk; x Þ ¼

Z

1

dm

1

q~ 2 ðk; mÞ
:
x0  ~k  m þ id

ð42Þ

~ 2 ðk; mÞ is expressed in terms of the relaxed energies ~
Here q
’s in order to eliminate the pole at ~k in the
~kq . The real and imaginary
integrand on the RHS of (42) and to introduce a continuum of new ones at 
part of the self-energy (42) are related through the Hilbert transform
0

K2 ðk; x Þ ¼

1

p

Z

1

1

C2 ðk; mÞ

x0  m

dm:

ð43Þ

In this representation the weight of the QE peak in the spectrum appears in the form

Zk ¼

@ K2 ðk; x0 Þ
1þ
jx0 ¼Ek
@ x0

1

;

ð44Þ

~k is the ﬁrst root [66] of x0  k  K2(k, x0 ) = 0 above the
where the relaxed QE peak energy Ek ¼ 
band bottom given by the minimum value(s) of (40).
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Now we are in a position to establish connections between the GWA quantities in (41) and those
deﬁning the cumulant C2(k, t) calculated to the same order in V [67]. Using (15) and (43) we ﬁnd the
relation between the relaxation energy of QE spectral peak in the cumulant and the above constructed
GWA representation

K2 ðk; ~k Þ ¼ v k :

ð45Þ

In a similar fashion, a comparison with (38) yields

Z k ¼ 1  Rwk :

ð46Þ

Finally, from (42) we directly ﬁnd

C2 ðk; x0 Þ ¼ pq2 ðk; x0  ~k Þ:

ð47Þ

Hence, the full width at half maximum (FWHM) of the QE peak, or equivalently the inverse quasipar~
ticle lifetime s1
k , is given by 2C2 ðk; k Þ.
It is seen from expressions (45)–(47) that the quantities appearing in the GWA representation (41)
~. Hence, this representation should prove useful in modelling the
are referred to the relaxed energies 
threshold spectral properties of quasiparticles in image potential states on metal surfaces because the
calculated image potential band structures [68] already include the effects of electronic polarization
that gives rise to the relaxation shift vk.
For the present purpose of introducing the missing threshold spectral properties into the second
order cumulant-derived spectrum one may introduce smooth cut-offs of the cumulant and GWA components in order to avoid unphysical transients arising from the cusped or discontinuous seams. The
precise value of cut-off energy is not important for the functional form of asymptotic decay because
expression (21) is insensitive to normalization of the spectrum N ðk; x0 Þ. However, the position of
cut-off can affect the collapse onset time. In some situations this procedure may produce an accurate
total spectrum provided the cut-offs have been implemented such to provide a unitary and smooth
juxtaposition of two spectral components. Speciﬁcally, this would occur if the weight of QE peak in
the GWA spectrum is very close to the DWF of cumulant expansion, as is the case for Rwk
1. If
the weights are signiﬁcantly different, i.e. if the straightforward spectral juxtaposition procedure violates unitarity one should in the third step rescale the GWA weight of the QE peak to the DWF using
(46) and substitute the sum of two spectral components into (20) to yield spectral moments which via
Eqs. (21) and (8) determine the full quasiparticle propagator (5) and the corresponding spectrum.
Likewise in the benchmark examples of Section 3.2 we thereby achieve that the calculated quasiparticle propagator and its spectrum comprise dynamical effects from the entire evolution interval and
exhibit unitary spectral properties. An alternative approach to the calculation of quasiparticle spectrum followed in Ref. [37] and its relation to the present one is commented in Appendix B.
4. Model examples of quasiparticle dynamics in surface bands
In this section we illustrate and test the applicability of developed formalism using the models of
general relevance to hot electron dynamics in Q2D surface bands. Typical examples of Q2D bands are
the image potential bands (IS-bands) which arise on low index surfaces of a number of fcc and bcc
metals [69]. Since the IS-bands originate from a combined effect of the surface crystal structure and
dynamic electronic polarization of the metal, their formation proceeds on the sub- or few femtosecond
time scale subsequent to the electron promotion in front of the surface (for illustration of time scale of
IS-band formation on Cu surface see Fig. 5 in Ref. [71] and Figs. 5 and 6 in Ref. [72]). In this case the
propagator formalism described in Sections 2 and 3 and based on the assumption of creation of an
electron in a band state lends itself as a convenient approach to study the evolution and decoherence
of quasiparticles in the real time domain. The forthcoming discussion will be restricted only to the
general and qualitative aspects of multiexcitation processes switched on with the promotion of quasiparticles into IS-band states. The applications to electron dynamics at surfaces of real metals will be
pursued in the future work by combining the band structure calculations with the linear response formalism elaborated in Ref. [19].
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Fig. 2. Plot of absolute squares of the wavefunctions yielding electron densities residing in the Shockley surface state, j/SS ðzÞj2 ,
ðRÞ
2
on the left (1 1 1) surface, and in the ﬁrst image potential state, j/IS ðzÞj , on the right (1 1 1) surface of a 31 atomic layer thick Cu
slab (shaded region) with interlayer spacing d0 = 3.943 a.u.
ðLÞ

We ﬁrst outline the general features of quasiparticle dynamics in Q2D bands on metal surfaces. The
unperturbed electron eigenstates are characterized by a two-dimensional wavevector K parallel to the
surface and the band index n, viz. k = (K, n) and hr|ki = exp (iKR)/n(z). In Fig. 2 we illustrate the occupied Shockley surface state (SS) wavefunction /n=SS(z) and the unoccupied ﬁrst image potential state
wavefunction /n=IS(z) calculated for a 31 atomic layer thick crystal slab which we use to model the
electronic properties of Cu (1 1 1) surface [19]. The dominant interaction acting on an electron injected
into an empty band state |K, ni arises from the coupling to electronic charge density ﬂuctuations in the
slab which are described by the 2D wavevector Q and excitation energy m. Restricting the description
of the interaction to linear response, which is equivalent to bosonization of the electron interaction
with the heatbath, we obtain the cumulant spectrum q2(K, n, x) from (9) in the form [17]

Z
X
2
q2 ðK; n; xÞ ¼ jV Q j
Q ;n0

1

S n;n0 ;n0 ;n ðQ ; mÞdðx  KþQ ;n0  m þ K;n Þdm:

ð48Þ

0

This is a positive deﬁnite quantity in which VQ = 2pe2/Q is a 2D Fourier transform (FT) of the Coulomb
potential and S n;n0 ;n0 ;n ðQ ; mÞ is the spectrum of bosonic charge density ﬂuctuations obtained from the
projection of the imaginary part of linear response function v(Q, z, z0 , m) onto the one-electron wavefunctions /n(z) and /n0 ðzÞ in the Q2D bands. Derivation and discussions of the properties of v(Q, z, z0 , m)
and S n;n0 ;n0 ;n ðQ ; mÞ were presented in Section II of Ref. [19]. In brief, on metal surfaces the excitations

Fig. 3. First image state intra-band component of the excitation spectrum S IS;IS;IS;IS ðQ ; mÞ for several values of Q. SP and MP
denote the peaks associated with monopole surface plasmon and higher order multipole plasmon mode, respectively.
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constituting S n;n0 ;n0 ;n ðQ ; mÞ are the monopole plasmon excitations with energies in the range 3  13 eV,
multipole plasmons with few eV higher energies but smaller weight (i.e. oscillator strength), whereas
the strongly Q-dependent electron–hole continuum ranges from zero up to the plasmon energies and
beyond, with a maximum around m ’ QvF (vF is the Fermi velocity). Fig. 3 illustrates the behaviour of
IS-state intraband component of S IS;IS;IS;IS ðQ ; mÞ calculated for Cu (1 1 1) surface using the slab wavefunctions exp (iKR)/n(z). Note that q2(K, n, x) obtained from (48) ranges over the complete spectrum
of excitation processes in the system that are quadratic in the interaction (3), viz. it encompasses both
the virtual or off-the-energy shell (x – 0) and the on-the-energy shell (x = 0) components. Therefore
q2(K, n, x) may be identiﬁed with the interaction weighted density of excitations in the system.
4.1. Quasiparticle excited to the band bottom K = 0
We ﬁrst consider simpler situation in which the particle is promoted into a state K=0 = 0 at the bottom of the nth surface band [73]. In order to discern and assess the speciﬁcities of the dynamics associated with this state we shall in the following exclude interband transitions n0 – n from the sum on
the RHS of (48), which is also consistent with the starting assumption of a single band made in Section
2. Interband transitions redistribute the quasiparticle spectral features over the lower unoccupied
bands closer to the Fermi level and their effects will be brieﬂy outlined at the end of this section.
The initial electron kinetic energy at the band bottom is zero which deﬁnes the excitation threshold
of q(K = 0, n, x) at x = 0. It is known from the earlier studies [43] that in this case
q2(K = 0, n, x ? 0) / x2 and as a consequence the quasiparticle spectrum N ðK ¼ 0; x0 Þ exhibits an
elastic threshold peak / d(x0 + v0) at the renormalized (red-shifted) band bottom energy x0 = v0,
and an inelastic sideband which starts from a ﬁnite value for x0 = v0. The elastic peak exhibits zero
width C(K = 0) = 0 because of the absence of open channels through which at zero temperature the
quasiparticle may decay into the states of other energies. In contrast to this, the wide inelastic sideband arises as a result of an inﬁnite series of ascending numbers of convolutions of the single boson
excitation spectra, in full analogy with expressions (26) and (32). Apart from an overall scaling or Debye–Waller factor the threshold behaviour of the sideband is determined solely by the low-energy
excitations. Hence, in the present example we shall neglect the contribution of plasmons to (48)
and focus only on the effects which the continuous or electron–hole (e–h) pair component of the surface electronic response produces in the quasiparticle spectrum [74]. This enables us to demonstrate
the invertibility of mapping qðK; xÞ $ N ðK; x0 Þ using a nontrivial and highly illustrative, but exactly
solvable analytical model.

eh
Fig. 4. Plots of the quasiparticle spectrum N ðK ¼ 0; x0 Þ deﬁned in Eq. (49), and its components (sub-sidebands), for 
e ¼ 3=2,
D = 1 and X = 1. Energy unit is X and zero corresponds to the unperturbed electron energy K=0 = 0. Vertical thick line: elastic
threshold peak, full line: complete sideband. Short dashed line, intermediate dashed line and long dashed line denote n = 1, 2, 3
sub-sidebands, respectively. Inset: Corresponding cumulant spectrum (51) obtained by inversion of (49) as described in Section
3.1.
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To quantify the above discussion and, in particular, to examine the role of band bottom effects on
the cumulant spectrum (18), we introduce a convenient representation of the quasiparticle spectrum
comprising bosonized e–h pair multiexcitation processes in the form

N

eh

eD=X2

0

ðK ¼ 0; x Þ ¼ e

"

#
pﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃ
 0 I1 ð2 ex
 0 =XÞ
 0 =DÞ ex
expðx
;
dðx Þ þ
 0X
x
0

ð49Þ

 0 ¼ x0 þ v 0 , v 0 ¼ eðD=XÞ2 , and I1(x) is the modiﬁed Bessel function of the ﬁrst kind and the
where x
parameters e, D and X have the meaning of the averaged single boson excitation energy, band width
and energy scale, respectively. The universal form of the spectrum (49) is chosen such that it repre 0 Þ followed by a series of ascending convolutions of
sents the elastic threshold peak expðeD=X2 Þdðx
the boson excitation events which are obtained by expanding the Bessel function on the RHS of
(49) into a power series. The overall prefactor expðeD=X2 Þ < 1 plays the role of the Debye–Waller
 0 =DÞ is a smooth ultravifactor which ensures the correct normalization of the spectrum, and expðx
olet cutoff. The sideband spectral density and its few lowest components (sub-sidebands) are illustrated in Fig. 4 for the values of scaled parameters e=X and D/X typical of the intermediate
coupling regime. In this case the Debye–Waller exponent w0 ¼ eD=X2 is of the order of unity and
hence the elastic threshold peak and the sideband bear approximately the same weight. The other
regimes are described by simple rescaling of the quantities e=X and D/X. Thus, in the weak coupling
regime w0
1 the elastic peak represents the dominant spectral structure since the sideband bears
negligible weight. In the opposite regime of strong coupling characterized by w0  1 the elastic peak
acquires negligible weight and the sideband turns into a normalized Gaussian centred at
l1(K = 0, t = 0). The main contribution to such Gaussian spectral density comes from the boson excitation processes with multiplicity of the order of w0.
Inversion of the spectrum (49) deﬁned through expressions (17)–(21) yields

€ ¼ 0; tÞ ¼ 
CðK

2eD3

X2 ð1 þ iDtÞ3

;

ð50Þ

and therefrom (see inset in Fig. 4)

x2

qðK ¼ 0; xÞ ¼ e

X

ex=D hðxÞ:

ð51Þ

This expression clearly reveals the physical signiﬁcance of the parameters e, X and D for the cumulant
excitation spectrum (9). Expressions (49)–(51) also support the earlier conjectures [43] on the general
properties of q(K = 0, x) and N ðK ¼ 0; x0 Þ at low excitation energies. The dynamical spectral moments

Fig. 5. Plots of the dynamical spectral moments l0(K = 0, t) (full line), l1(K = 0, t)/X (short dashed line) and l2(K = 0, t)/X2 (long
dashed line) derived from spectrum in Fig. 4. The zeroth moment l0(K = 0, t) is equal to the quasiparticle survival probability
deﬁned in Eq. (35). Horizontal thin dashed line is the value of squared Debye–Waller factor. Note logarithmic scale on the
vertical axis.
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ln(K = 0, t) acquire analytical forms and the temporal variations of absolute squares of the ﬁrst three
ones needed in the calculation of q(K = 0, x) are illustrated in Fig. 5. According to (35) the quasiparticle survival probability L(K, t) is equal to the absolute square of l0(K = 0, t). Since in the present
example C(K = 0) = 0, the survival probability goes over from a ballistic directly to a power law decay
and ﬁnally saturates at the value of the squared DWF. The reverse mapping also holds, substitution of
(51) in (8) gives after some manipulation with the Fourier transforms of the results of integration the
starting multiexcitation spectrum (49). It should be noted that the above invertible mappings q $ N
reproduce and preserve correct threshold features of both quantities, which will prove important for
the case K > 0 studied below. Analogous properties can be established also for other forms of quasiparticle spectra exhibiting similar functional behaviour.
4.2. Quasiparticle excited to a state with K > 0
Here we generalize the situation from the preceding subsection to the case in which the electron is
promoted into a band state with K > 0. This requires taking into account the full spectrum of surface
excitations embodied in S n;n0 ;n0 ;n ðQ ; mÞ. Likewise before we restrict the quasiparticle propagation to a
single empty nth band, i.e. consider only the intraband contributions n0 = n to (48). Employing again
the general arguments one ﬁnds [43] that for K > 0 the intraband component of the cumulant spectrum q2(K, n, x) vanishes below the excitation threshold now located at x = K, passes through a ﬁnite value at x = 0 which determines the decay rate (39) characteristic of on-the-energy-shell
excitation processes, and may reach a maximum near the energy (frequency) of each prominent peak
of S n;n;n;n ðQ ; mÞ.
As the general features of the spectra of electronic charge density excitations at surfaces of a number of metals are relatively well known [75], we shall ﬁrst construct a representative model expression
for q2(K, n, x) which would optimally reﬂect the effects of excitation of e–h pairs and collective modes
on the hot electron spectrum N ðK; x0 Þ. Since in the present case there is no single energy scale to
appropriately describe all types of surface electronic excitations [i.e. there is no counterpart of X from
Eq. (49)] we shall for illustrational purposes adopt a representation of the model q2(K, n, x) obtained
by using (48) with S n;n;n;n ðQ ; mÞ calculated for Cu (1 1 1) slab and illustrated in Fig. 3. Substituting this
form of S n;n;n;n ðQ ; mÞ into (48) we obtain q2(K, n, x) well suited for illustration of the effects of
electronic heatbath modes on the electron spectrum N ðK; x0 Þ. However, it should be noted that the
quantitative features of such restricted q2(K, n, x) have been selected to best illustrate gross aspects
of electron coupling to the surface response and hence may not fully represent a real copper substrate
with its peculiar electronic structure [76].

Fig. 6. Quasiparticle spectrum N ðK; x0 Þ computed from cumulant representation (5) with the cumulant spectrum (48) for
parameters typical of the ﬁrst IS-band on Cu (1 1 1) and initial K = 0.06 a.u. (K = 47 meV). Energies on the horizontal axis
measured in a.u. (1 a.u. = 27.2 eV). Energy zero corresponds to the ﬁrst static moment of the spectrum. The ﬁrst satellite peak
centred at 0.23 a.u. appears approximately at the surface plasmon energy above the quasielastic peak. For location of the
spectral threshold, which on this scale is hardly discernable from the left slope of quasielastic peak, see Fig. 7. In the present
weak coupling regime only the ﬁrst plasmon satellite is visible.
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Fig. 7. Threshold behaviour of the quasiparticle spectrum from Fig. 6 shown on the expanded horizontal and reduced vertical
scale. Full line is the spectral density computed from cumulant expansion. Thin dashed vertical line denotes the cut off energy
that ﬁxes the GWA spectral threshold. The unphysical spillover of the cumulant-derived spectral density below the threshold
has negligible weight.

Fig. 8. Quasiparticle spectrum N ðK; x0 Þ computed using the cumulant spectrum as in Fig. 6 but rescaled by a factor of 8. This
leads to the intermediate coupling regime in which the satellite peaks appear approximately at multiples of the surface
plasmon energy above the energy of quasielastic peak. Energy zero corresponds to the ﬁrst static moment of the spectrum.

We now substitute the thus constructed model cumulant spectrum q2(K, n, x) into (8) to calculate
the spectrum N ðK; x0 Þ of an electron injected with momentum K > 0 into a Q2D band with the characteristics of the ﬁrst IS-band on Cu (1 1 1) surface. Following the procedure described in Section 3.3
we obtain the spectra shown in Figs. 6 and 7. The skew lineshapes of the main peak and plasmon satellites arise from the combined effect of quasiparticle recoil (which gives rise to lifetime broadening)
and inelastic emission of bosonized low energy e–h pairs in the metal. The quasiparticle lifetime sK is
given by the FGR expression s1
K ¼ 2CðK; ISÞ ¼ 2pq2 ðK; IS; x ¼ 0Þ. The relative peak intensities signify
the regime of weak coupling to surface electronic excitations due to which wK < 1 and hence small
spectral weight of the plasmon satellites. In Fig. 7 we also depict the threshold energy at which in
the present weak coupling limit the GWA-based band bottom corrections should be implemented.
Note that in the limit K ? 0 such corrections are not needed because in that case the full spectrum
appears as a convolution of the types given in expressions (26) and (49) which both exhibit correct
threshold behaviour.
The features of the spectrum shown in Figs. 6 and 7, which reﬂect the weak coupling limit and
wK
1, are in contrast to the situation of photoexcited holes in bulk valence bands studied in Ref.
[30] for which wK  1. The latter situation with pronounced multiplasmon satellites could be retrieved
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Fig. 9. Initial and preasymptotic behaviour of the survival probability L(K, t) of an IS-electron characterized by the spectrum
shown in Figs. 6 and 7 (note logarithmic scale on the vertical axis). Dashed line denotes the Markovian decay described by
expression (52). Inset: Initial transient polarization shift of the IS-electron energy calculated using Eq. (36).

Fig. 10. Long time limit of the survival probability L(K, t) from Fig. 9 with the transition from FGR to non-exponential
asymptotic decay. The minimum attained for t = 480 fs signiﬁes incomplete collapse of the quasiparticle amplitude. Inset shows
the collapse of the quasiparticle phase (modulo 2p) in the same interval.

by rescaling the magnitude of the present model cumulant spectrum q2(K, IS, x) by a factor of 8. The
spectrum resulting from such rescaled q2(K, IS, 0) is illustrated in Fig. 8 and the comparison of peak
intensities (after the time reversal) with those of the bulk hole spectra presented in Ref. [30] reconﬁrms that in image potential bands the coupling of quasiparticles to the charge density ﬂuctuations
is much weaker than in the bulk bands of the same substrate [69].
The quasiparticle survival probability L(K > 0, t) calculated from the spectrum of Figs. 6 and 7 is
shown in Figs. 9 and 10. The plots illustrate distinct stages of the dynamics of an electron promoted
in a Q2D-band with initial K > 0. The early quasiparticle evolution within the Heisenberg uncertainty
window is characterized by the transients during which the initial Zeno decay (22) is promptly succeeded by off-the-energy-shell processes dominated by excitation of virtual surface plasmons of energy xs  7.5 eV. This gives rise to the early beating of L(K, t) with the period 0.5 femtosecond (fs)
shown in Fig. 9. The attenuation of the beating and its dephasing (inset) originates from the width
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of q2(K, IS, x) which is largely determined by the width of surface excitation spectrum S IS;IS ðQ ; mÞ
shown in Fig. 3, and to a lesser extent by the quasiparticle recoil energy K+Q  K. Past the 7 fs long
interval the energy conservation sets in and gives rise to a steady state quasiparticle decay due to the
emission of real low energy e–h excitations in the solid. Here the real or on-shell plasmon excitations
are not possible because K < xs. In this intermediate interval the decay of the initial state as described
by (35) is Markovian. It follows exponential law governed by the FGR decay rate corrected (shifted) by
the Debye–Waller exponent

LMar ðK; tÞ ¼ e2½CðK;ISÞtþwðK;ISÞ :

ð52Þ

This limit is illustrated in Fig. 9 where its onset can be clearly pinpointed. The already available databases of calculated lifetimes refer to this intermediate regime of quasiparticle evolution [69].
The preasymptotic Markovian decay (52) cannot continue indeﬁnitely because for yet longer times
the presence of the band bottom in the spectrum gives rise to a contribution to the quasiparticle
amplitude which causes a much slower asymptotic inverse power [58,70] or combined inverse power
and logarithmic decay [25,20]. The crossover between the two types of decays is characterized by the
interference of the FGR amplitude and the ‘‘return’’ amplitude oscillating with frequency of the order
of the effective band width [70]. This interference causes a collapse of the survival probability which,
depending on the quasiparticle spectral properties, may be either complete or incomplete. The onset
of interference and crossover to asymptotic stage of quasiparticle evolution corresponding to the spectrum of Fig. 6 is illustrated in Fig. 10. This onset puts the upper temporal bound on the detection of
standard quasiparticle energies and lifetimes because the identity of the initial quasiparticle state,
contained in the amplitude and phase of (5), is lost beyond the collapse.
The ubiquitous early transients and late collapse which characterize quasiparticle dynamics in surface bands have several important ramiﬁcations. In particular, they restrict the applicability of standard optical Bloch equations (OBE) describing multilevel systems solely to the Markovian window
in which (52) holds. This point will be further discussed in the next section.
Lastly, we comment on the role played by interband transitions in the modiﬁcation of quasiparticle
dynamics. According to (48), inclusion of additional scattering channels n ? n0 has a twofold effect on
q2(K, n, x). First, it makes q2(K, n, x) nonvanishing down to the lowest unoccupied state(s) in the n0 th
bands and second, enhances it over the width of the nth band. This, in turn, eliminates the occurence
of bound states below the nth band bottom, reduces the Zeno and FGR lifetimes, and shifts the onset of
quasiparticle collapse to longer evolution times. The situation becomes more complicated for interband transitions to the states close to the Fermi energy in partly occupied bands. As noted earlier
[33], the description of quasiparticle dynamics in terms of retarded single electron propagators (5) becomes inappropriate when the effects of interaction (3) must be included in the initial ground state |0i
that incorporates partly occupied bands. In this case causal propagators with the corresponding selfenergy expansion should be used instead of the retarded ones to yield the quasiparticle spectra [25].
5. Manifestations of nonadiabatic dynamics and decoherence in ultrafast experiments
Perturbations of the surface electronic structure by ultrafast probes bring the system into excited
states with electrons and holes created in empty and occupied bands, respectively. The relaxation of
these states proceeds on the time scales determined by the interactions of excited quasiparticles with
the heatbath. In the case of metallic surfaces the promotion of electrons (holes) into empty (occupied)
surface bands produces a nonequilibrium charge distribution which induces strong ultrafast response
of the surrounding electron density. Quantum transients, decay and decoherence effects arising in response of the environment to creation of quasiparticles in excited states of the probed system that
have been elaborated in Section 4 are designated the intrinsic effects [42]. They are expected to manifest themselves most clearly in the state-resolved measurements. The latter should be designed to
yield spectral properties of the quasiparticles with high energy resolution or reveal their evolution
on the ultrashort time scale. On the theoretical grounds, information on either spectral or temporal
aspects of state-resolved quasiparticle dynamics is contained in the propagators which describe quasiparticle evolution during the various stages of ultrafast experiments. These propagators are the basic
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constituents of higher order correlation functions describing the various spectroscopic measurements
[1,5,6,9,10,13–15,22,31,32,41,44,45,49,53,62,88].
In the preceding sections we have presented a method for construction and calculation of the propagators of electrons excited into empty bands and holes created in occupied bands in which they are
subject to the interactions with bosonic degrees of freedom that model the excitations of the system
heatbath. This construction enables the studies of multiexcitation dynamics and complete quasiparticle spectral properties within a uniﬁed framework. The developed formalism should prove particularly
useful in descriptions of the various manifestations of nonadiabatic hot electron and hole dynamics in
surface bands which have come in the focus of many experimental and theoretical investigations with
the advent of time-resolved spectroscopies.
Besides the lifetime effects, which have been the most studied manifestations of decay processes in
surface bands [69], quantum transients and associated decoherence phenomena may strongly affect
the state resolved measurements of quasiparticle dynamics during the early propagation intervals.
Our analyses carried out in this and the preceding works [18–21,15,71] illustrate that the standard
quasiparticle evolution in surface bands, that is conventionally characterized by exponential or FGR
decay of the well deﬁned initial quantum state, is established after the initial transients die out, about
few femtoseconds upon the quasiparticle promotion into a band eigenstate. The evolution governed
by exponential decay may proceed for several hundreds of femtoseconds before the interference
effects give rise to the collapse of quasiparticle amplitude [58] and phase [20,21,15]. The interval
between the establishment of the FGR-governed quasiparticle decay and its collapse is designated
the quasiparticle lifespan. During this interval the motion of quasiparticles in surface bands can be
characterized by the energies and lifetimes comprehensively reviewed in Ref. [69]. Outside this
interval the quasiparticle propagation is overwhelmed by the early and late transients that completely
destroy the standard quasiparticle features. These transients are true quantum–mechanical phenomena which have already been experimentally detected in the real time domain [47,48,61], albeit not
yet in condensed matter systems for which their temporal manifestations have been only anticipated
[18–21,77]. The following discussion describes experimental situations and regimes in which such
intrinsic processes may produce experimentally detectable effects in spectroscopic studies of the
surface electronic structure.
Typical examples of the steady-state spectroscopies of surface bands are the direct (1PPE) and inverse photoemission (IPE or BIS) spectroscopy which reveal the spectra of occupied and unoccupied
electronic states, respectively. Since the electron and hole spectra are related by time reversal one
can use the properties of quasiparticle propagators of the form (5) and their spectra shown in Figs.
9 and 10 to discuss the role of nonadiabatic surface response on the spectral shapes in both spectroscopies. For historical reasons we ﬁrst brieﬂy outline these effects in the 1PPE spectra from occupied
levels at surfaces because the earliest direct evidence of transient phenomena has come from this
spectroscopy. In this context particularly illustrative are the photoelectron spectra from occupied levels of adsorbates which due to their localization outside the substrate bulk region provide information
on strictly surface localized electron dynamics. Transient and nonadiabatic effects lead to two major
modiﬁcations of the spectral distributions of occupied surface localized states revealed by 1PPE spectroscopy. The ﬁrst is a combined effect of asymmetric spread (skewing), upward polarization shift and
Debye–Waller-factor scaling of the primarily lifetime broadened quasiparticle peak (in this case of the
hole) for all states |Ki in the occupied bands of ﬁnite width, as well as for the localized orbitals and
nonbonding levels broadened by lifetime effects only. The second is the occurrence of satellite structures below the main peak provided the hole coupling to the surface response is strong enough. The
origin of such spectral features was analyzed and their manifestations in the early experiments reviewed in Sections 3 and 4 of Ref. [62]. These experiments provided strong evidence for multiexcitation processes in the studied systems. Currently attainable much higher resolution of 1PPE
spectroscopy should enable new insights into these effects and the underlying ultrafast phenomena.
In contrast to 1PPE, in which an electron is removed from an occupied state of the system, in IPE an
electron is added to the system in a radiative transition from an initial free particle state into a ﬁnal
band or bound state. Then, the energy distribution of emitted photons reveals the energy spectrum of
the ﬁnal electron state. Unoccupied adsorbate levels and image potential states on metal surfaces have
been studied by this technique [78–83] and their broadening discussed in the context of the afore de-
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scribed theory [84,85]. The signatures of multiexcitation processes involving soft substrate e–h pairs
and interband relaxation may have been discerned whereas real surface plasmon excitations have not
been observed, possibly due to poorly deﬁned plasmons in the studied systems (noble and transition
metals) and insufﬁcient experimental resolution available in the early experiments. Novel performances of IPE might lead to more conclusive results but higher resolution achieved in 2PPE from surface bands have favoured the use of this spectroscopy over the IPE.
Although not truly state resolved, optical absorption measurements have proved as one of the most
valuable tools in the investigations of electron band structure of various materials. Theoretical studies
of the role of transient effects in the spectra of optically induced valence-to-conduction band transitions in metals and degenerate semiconductors have a long history and are commonly termed the Mahan–Nozières–De Dominicis (MND) problem [22]. Here the major difﬁculty arises in connection with
an equivalent treatment of the excitonic interaction of the optically excited electron with the hole left
behind (vertex corrections), on the one hand, and the separate interactions of the electron and hole
with the charge density ﬂuctuations in the solid (self-energy corrections), on the other hand, as well
as their interference. Model calculations of these phenomena are based on ﬁnding the solution of
Bethe–Salpeter equation (BSE) in the electron–hole scattering channel in which the vertex and self-energy corrections from multiexcitation processes must be treated on the same level of consistency and
accuracy. Elegant and insightful solutions of the MND problem applicable to bulk systems exist only
for simpliﬁed forms of the interparticle interactions, such as the screened static, contact or separable
interparticle potentials (for details see Refs. [22,32,53]). All these solutions invariably predict observable many-body modiﬁcations of the threshold part of optical absorption spectra which arise from transient perturbations of the Fermi sea. Semiquantitative estimates of the transient and many-body
induced spectral features have also been reported for optically induced transitions in adsorbates
(see Section 5C in Ref. [62] and Section V in Ref. [85]). In the original formulation of the MND model
the self-energy renormalizations of the excited electrons were absent because the model was designed
to treat the optical absorption spectra at the excitation threshold that coincides with the Fermi level.
Later extensions and elaborations of the MND model to partly or fully account for the dynamical
character of interparticle interactions were carried out in the GWA for self-energy and in the ladder
approximation (LA) for vertex corrections [86–89] which satisfy the same level of selfconsistency in
the BSE. Their applications to bulk absorption spectra show the expected partial cancellation (interference) of self-energy and vertex effects [90] and the occurrence of extra many-body induced spectral
features already noted in exact solutions of the simple models [53]. Calculations of equivalent complexity have not yet been reported for metallic surfaces. However, it may be anticipated that the optical absorption spectra involving transitions from occupied to unoccupied surface bands may bear
additional speciﬁcities relative to the analogous ones in the bulk. At metal surfaces the strong initial
bare Coulomb interaction between the excited electron and hole (primary excitonic interaction) will
be heavily screened on the femtosecond time scale by the surface electronic response [71]. This means
that subsequent electron and hole motion will be dominantly governed by the individual interaction
of each quasiparticle with its own screening (image) charge which develops simultaneously with the
fading of primary e–h interaction. Therefore, the long time limit of optical absorption amplitude will
to a good approximation be given by the K-momentum sum over the products of excited quasiparticle
propagators of the form (5) for the electron and its hole counterpart. This implies that in the energy
domain the optical absorption spectrum is given by the momentum sum over the convolutions of the
excited electron spectra N ðK; xÞ deﬁned in (7) with the analogously deﬁned and calculated hole spectra. Hence, on the basis of the earlier [91,71] and present work it may be envisaged that the optical
absorption spectra of surface bands should, in addition to the FGR-lifetime broadening of spectral
lines, also bear the signatures of quantum transients and decoherence processes associated with
the afore elaborated nonadiabatic dynamics of each quasiparticle alone.
Transient phase and amplitude variations of quasiparticles excited in the system, whose behaviour
follows the patterns illustrated in Figs. 9 and 10, are expected to particularly affect the experiments
sensitive to phase accumulations in sequential excitation and deexcitation processes, like in the transient m-wave mixing spectroscopies [1,92] (e.g. four wave mixing-FWM, Raman, etc.). For short delays
between narrow excitation pulses the intermediate states of the system may be dominated by such
‘‘intrinsic’’ transients. This may have a strong effect on the coherence of ﬁnal signal, in addition to
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the effects arising from the modulation of excitation pulses. Here it is important to note that the
necessity for a careful examination of ultrafast phenomena in FWM spectroscopy of complex systems
was pointed out long ago in a very insightful review on phase and amplitude dynamics of coherent
transients in semiconductor quantum wells [93].
In contrast to optical absorption measurements the time, energy and angular resolved two-photon
(2PPE) or multi-photon photoemission (MPPE) spectroscopy of surface electronic structure probes the
system that has already been excited by the pump pulse(s). Thereby pump–probe spectroscopies can
provide the desired information on the dynamics of intermediate excited states partaking in the
bound–unbound electron transitions that produce the ﬁnal photoelectron yield. Here we shall discuss
the implications of transient interactions and multiexcitation processes using the example of 2PPE
from surface bands on metals [5,15].
In the ﬁrst step of 2PPE from a surface state band (SS-band) the electron excited by the pump pulse
and the hole left behind are initially bound by the bare Coulomb interaction in a transient surface exciton [71]. Subsequent onset of dynamical screening has a twofold effect on the primary exciton. While
the bare e–h interaction is being reduced by surface screening each quasiparticle develops its own image charge [95]. Fading of the excitonic interaction and simultaneous formation of the image charges
of quasiparticles transforms the strongly correlated e–h pair into an electron and a hole propagating
with negligible correlation in unoccupied IS- and occupied SS-band, respectively. (Note in passing that
such primary excitonic interactions are not an exclusive intermediate of the 2PPE but they also take
place in optical spectroscopy, electron energy loss spectroscopy, appearance potential spectroscopy
and partial yield photoelectron spectroscopy.) In the case in which after the second step of 2PPE
the interaction of photoemitted electrons with surface excitations can be neglected, the amplitude
of the ﬁnal signal in a completed pump–probe experiment appears to a good approximation as a convolution of the surface state hole and the intermediate and ﬁnal state electron propagators integrated
over all the pump pulse, probe pulse and ﬁnal observation times [15,49]. In the more complicated case
of MPPE one should also carry out state summations and time integrations over all products of intermediate state propagators before the ﬁnal integration over the observation times.
Depending on the delay between the ultrashort pump and probe pulses relative to the duration of
screening of the primary excitonic potential, the ﬁnal signal will measure the properties of either dominantly unrelaxed (excitonic) or prevailingly relaxed image potential band states partaking in the
intermediate steps of 2PPE or MPPE. The stages of electron evolution in the already established states
in IS-bands on Cu (1 1 1) are discussed in Section 4.2 and shown in Figs. 9 and 10. They illustrate the
effects arising from the dominant decoherence mechanism on metal surfaces which is generally system speciﬁc [94]. By invoking the time reversal, temporal evolution of the SS-holes excited by the
pump pulse can be obtained in a similar fashion [19] and combined with those of intermediate electrons to obtain the transients in the ﬁnal 2PPE signal.
One of the major goals of state resolved pump–probe spectroscopies of surface bands has been the
determination of energies and lifetimes of the band states. Obviously, in order to be able to detect
energies and lifetimes of quasiparticles propagating in the quasistationary intermediate band states
the delay time between the pump and probe pulses should exceed the duration of the early transients,
on the one hand, but still be shorter than the collapse onset times beyond which the quasiparticle
identity is lost, on the other hand. In other words, it should range within the overlap of the Markovian
windows or the lifespans of hot electrons and holes. In the Markovian window the quasiparticle
amplitude can be represented by a simple form [cf. Eq. (52)]
iðK;n iCK;n Þt
wMar
;
K;n ðtÞ  Z K;n e
~

ð53Þ

where n is the band index, Z K;n ¼ ewK;n and  stands for electrons and holes, respectively. The establishment of the quasiparticle evolution described by (53) permits the application of optical Bloch
equations [96] (OBE) to the studies of electron and hole dynamics in surface bands and their effect
b
on the photoemission spectra. To this end one needs to construct the so-called C-matrix
which together with the optical transition matrix elements represent the main input for the OBE. The most
exploited model in applications of the OBE to descriptions of 2PPE spectra from surface bands has been
based on a three-level system in which the occupied (e.g. SS-state), intermediate unoccupied (e.g. an
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IS-state) and ﬁnal state bands are represented by single levels with energies SS, IS, f, and decay rates
CSS > 0, CIS > 0, Cf = 0, respectively. In this paradigmatic case the mapping of (53) to the elements of
the density matrix which appear as solutions of the OBE describing 2PPE are given by [15]

0

CSS þCIS

0

B
b ¼ B CSS þCIS
C
@ 2
1
2

1
2

2

CSS

ðCSS þ CIS Þ

2CSS þCIS
2

2CSS þCIS
2

CSS

CSS

1
C
C:
A

ð54Þ

b of the form
It should be reiterated that the applicability of the OBE based on the stationary matrix C
(54) or its multilevel generalizations is restricted to the descriptions of 2PPE spectra only during the
overlap of Markovian timespans of excited quasiparticles.
In the opposite situations, in which the ultrafast measurements may have a small overlap with the
Markovian windows of participating quasiparticles, quantum transients may dominate the experimental results. Observation of such manifestations of nonadiabatic dynamics poses a challenge in
its own right because their detection either in the temporal or spectral domain would provide yet another conﬁrmation of the fundamental principles of quantum mechanics. It is hoped that the present
work may motivate endeavours in this direction.
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Appendix A. Invertibility of Eqs. (8) and (18)
Here we demonstrate the invertibility of expressions (8) and (18) following Ref. [45]. Denoting by
e ðk; tÞ the expression deﬁned by Eq. (8), in which q(k, x) is given by Eq. (18) with the dummy inteC
gration variable s, we get

R1
ixt R 1
ds €
e
Cðk;
t P 0Þ ¼ 1 dx 1ixxte
Cðk; sÞeixs
2
1 2p
h
i
R1
€ sÞ R 1 dx eix2s  it R 1 dx eixs  R 1 dx eixðs2tÞ :
¼ 1 2dps Cðk;
1
1
1
x
x
x

ðA1Þ

Making use of the representations

Z 1
1
eixs
dx
¼ hðsÞ;
2pi 1
x  i0þ
Z 1
1
eixs
dx
¼ shðsÞ
2p 1
ðx  i0þ Þ2

ðA2Þ
ðA3Þ

for the terms in the square bracket on the RHS of (A1) we ﬁnd using the boundary conditions (12) and
(13) and integration by parts:

e
Cðk;
tÞ ¼

Z

1

_
€ sÞ½thðsÞ  shðsÞ þ ðs  tÞhðs  tÞ ¼ tCðk;
dsCðk;
tÞ 

1

¼ Cðk; tÞ:

Z

t

€ sÞ
dssCðk;

0

ðA4Þ

This proves the invertibility of expressions (8) and (18), i.e. the equivalence of information on quasiparticle dynamics contained in the quasiparticle spectrum (7) and q(k, x) determined from Eqs. (18)
and (21).
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Appendix B. Quasiparticle spectrum from expansion of cumulant representation
Here we comment on an alternative approach to the derivation of quasiparticle spectrum pursued
in Ref. [37] and bring it in relation to the present one. In Ref. [37] the calculations were based on direct
expansion of expression (5) in a power series, viz.

h
i
sat
G0k ðtÞ exp½C 2 ðk; tÞ ’ G0k ðtÞ exp C pol
2 ðk; tÞ 1 þ C 2 ðk; tÞ þ

;

ðB1Þ

in which only the ﬁrst two terms from the round bracket on the RHS of (B1) were retained and the
whole expression then Fourier transformed to yield the spectrum. Note that when exp[C2(k, t)] is associated with G0k ðtÞ the consistent approach is to express q2(k, x) in C sat
2 ðk; tÞ in terms of the relaxed
~. The ﬁrst spectral component arising from this procedure is the DWF-weighted d-function
energies 
for the quasiparticle peak

N

ð0Þ

ðk; x0 Þ ¼ 1 

Z

q2 ðk; xÞ
dx dðx0  ~k Þ:
x2

ðB2Þ

The spectral structure outside the range of (B2) reads

N

ð1Þ

ðk; x0 Þ ¼

q2 ðk; x0  ~k Þ
:
ðx0  ~k Þ2

ðB3Þ

For x0 < ~
k this expression describes the desired dominant contribution to the spectral density between the band bottom and quasielastic peak, likewise the GWA result (41) of which it is a limiting
~k  Ck . Then, in view of Eqs. (41)–(45) the form of (B3) is consistent with zero width
case for x0  
~k expression (B3) describes the ﬁrst satelof the quasiparticle peak in (B2). In the opposite limit x0 > 
lite structure arising from the single excitations in the system. Expressions equivalent to (B2) and (B3)
are also obtained from the ﬁrst iteration of Dyson equation for the quasiparticle propagator [36]. However, such a procedure based on expansion (B1) gives an incomplete description of the spectral shape
of quasiparticle peak because separate integrations of the t-dependent terms in the integrand on the
RHS of (8) omit the quasiparticle decay processes described by the on-shell decay rate Ck which
broadens the relaxed quasiparticle peak. This missing feature is then introduced a posteriori by hand
[37]. It should also be noted that this procedure is inadequate for the description of multiexcitation
processes leading to the multiple satellite structures or IR-power law spectra of the type (26) and
(32), respectively.
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